Test for reality of algebraic functions 



S.M.Natanzoii!! 



In this paper I prove the next affirmation 

Theorem 1. 1) A complex algebraic function on a real algebraic curve with real points is 
equivalent to a real algebraic function, if and only if the divisor of preimage of its critical 
OO I values is stable under the involution of complex conjugation. 2) A complex algebraic 
function on a real algebraic curve without real points is equivalent to a real or pseudoreal 
■ algebraic function, if and only if the divisor of preimage of its critical values is stable 
P_il under the involution of complex conjugation. 

Xj^ . The proof uses representations of algebraic functions by Fuchsian groups as [Nl, 

N(sect.l.6)]. It is interesting to compare this theorem with a conjecture of B. and M. 
CnJ \ Shapiro. It states, that a complex algebraic function is equivalent to real, if all its critical 
points are real. Proofs of special cases of this conjecture, when genus and degree satisfy 
Q': deg(/)2-4deg(/) + 3 < 3^ or deg(/) < 4, are results of papers [EG1,EG2, ESS, DEISS]. 
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Let us express our theorem in term of Riemann surfaces. A real algebraic curve is 
equivalent to a pair (-P, t), where P is a compact Riemann surface (the set of complex 
points of the curve) and r : P — >^ P is an antiholomorphic involution (the involution of 
complex conjugation). Fixed points of r are real points of the real algebraic curve[AG]. 

A complex algebraic function on a real curve (P, r) is a holomorphic map 
/:P^C = CUoo. The number ordp is called the number of ramification of 
^ / in p G P, if f{z) = z°^^^ in some local map z : ?7 — > C, where z{j)) = 0. 

! The points Sp = {p G P| ordp > 1} form the set of critical points. Its image 
^ i = /(^p) C form the set of critical values. Let us consider the preimage of critical 

^ I values Spj^ = /^^(S^) C P and its divisor S(/) = Xlpes°'''^pP 

00 ! Functions / and / are called equivalent \i f = gf for g G Aut(C). A complex alge- 

^ ' braic function is called real, if f{T{p)) = f{p), and pseudoreal if f{T{p)) = —jj^ [N2, 
N(sect.3.4)]. 

^ ' Let us illustrate this definitions by example. Consider a polynomial P(x, y) with 

■ real coefficients. Then the affine real algebraic curve F{x, y) = generates the pair 
{Pf,Tf), where Pp is a regularization for complex points {{x,y) G C'^\F{x,y) = 0} of 
the curve and rp^x^y) = {x,y). The set of real points of the real curve is the closure of 
{{x,y) G M?\F{x,y) = 0}. Complex algebraic functions are generated by restrictions of 
complex polynomials G{x,y) on {{x,y) G C'^\F{x,y) = 0}. The function is real if and 
only if the polynomial G{x, y) has real coefficients. 
Thus, theorem [U is equivalent to 

Theorem 2. Let P be a compact Riemann surface, f : P ^ C be a holomorphic map, 
T : P ^ P be a antiholomorphic involution. Then tS(/) = S(/), if an only if gfr = gf 
or gfr = —jj for g G Aut(C), and, moreover, gfr = gf for {p G P|rp = p} 7^ 0. 

Proof. It is obviously that tS(/) = S(/) follows from gfr = gf and gfr = ^jj- We 
use the induction by the degree deg(/) in order that to prove that tS(/) = S(/) generate 
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gf^ = gf or gfr = —jj- The theorem is obviously for deg(/) = 0. Let deg(/) > and, 

thus, 7^ 0. Consider an uniformisation A^S'ofS' = C\ by a Fuchsian 

group T on A = {z E C|lm(z) > 0}. Then a subgroup F C F uniformises the Riemann 
surface P = P \ The involution r is generated by an antiholomorphic map 

f : A — i> A, where fFf^^ = F. 

Consider x G Let x G M be the fixed point of a parabolic automorphism 7 G F, 

that correspond to puncture x. Then the stationary subgroup F^ = {7 G F|7(i:) = x} is a 
subgroup of index orda;(/) > 1 of F^ = {7 G F|7(x) = x}. Thus, using tS(/) = we 
have fF^f^^ C F and fF^f"^ C F. Moreover, the condition rS(/) = is equivalent 
to coincidence of indexes of stationer subgroups [F^ : T^] = [^f{x) '■ ^f{x)] for all fixed 
points X of parabolic automorphisms from F. 

Let F C F be the subgroup, generated by F, F^j and fF^f"^. It contains F as a proper 
subgroup. Moreover, fTf~^ = T and [Fj. : F^] = [Ff(s) : Tt(x)] for all fixed points x of 
parabolic automorphisms from f . 

Consider P = A/F. The inclusions of groups F C F C F generate the coverings 

A ^ P ^ P ^ S. These coverings generate holomorphic maps of compact surfaces 

P ^ P ^ C after gluing of punctures. Moreover, / = 0^9, and deg(0) < deg(/). 
The involution f generates an antiholomorphic involution f on P. Moreover, (pr = fip, 
and tS(0) = Therefore, by inductive hypothesis (pf is equal to gip or — ^ for 

g G Aut(C). Thus, the function fr = ipipr = ipfip is equal gi^ip = gf or = It 

is follow from [N2,N(sect.3.4)], that {p G P|rp = p} = in the last case. 

□ 
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